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Introduction

W HEN large interphase mass-transfer rates occur, as with
the sublimation of a solid or the vaporization of a liq-

uid, a thin nonequilibrium region occurs at the phase interface.
Such a region, a few tens of mean-free paths in thickness and
usually referred to as the Knudsen layer, is shown schemati-
cally in Fig. 1. At the interface, molecules leave the condensed
phase with a half-Maxwellian velocity distribution associated
with the surface temperature. At the Knudsen layer edge, a
continuum velocity distribution is established at a lower tem-
perature. The objective of a Knudsen layer analysis is to pre-
dict the "jump conditions" across the layer.

Early analyses of the problem,1"5 including that of Knud-
sen,1 were based on linearized equations. More recently, non-
linear analyses have been reported.6~9 Anisimov6 considered
the case of a monatomic gas vaporizing into a vacuum. Poyu-
rovskaya7 extended the Ref. 6 results to include kinetically
controlled vaporization of a monatomic gas and presented a
series expansion solution. Knight8 and Cercignani9 indepen-
dently extended Anisimov's analysis to include internal de-
grees of freedom of the vaporizing molecules, i.e., a poly-
atomic gas. Their analytic results, however, did not include
kineticaly controlled vaporization effects.

The purpose of this note is to present recently developed
analytic solutions to a nonlinear analysis of the Knudsen layer,
which includes the effects of both a polyatomic gas and vapor-
ization kinetics.

cules, the conservation equations of mass, momentum, and
energy for the Knudsen layer are

pu = oLps-^- + a0p — |V/2 merfc(m)-e-m2] (1)

= -apsRTs

(2)
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All terms in these equations are defined below. The terms
containing the vaporization coefficient a. are treated in the
same manner as in Refs. 4 and 7. It has been implicitly as-
sumed that the true vaporization coefficient av and the con-
densation coefficient ctc are equal, i.e., a = av = ac. The
macroscopic flow variables are the density p, the velocity u,
and the temperature T. Properties at the edge of the Knudsen
layer are unsubscripted whereas those at the surface or satura-
tion conditions have a subscript s. The ratio of specific heats
7 enters through the function G(y) = (5 - 3y)/[2(y-1)]; thus,
2G is the number of internal degrees of freedom.10 The speed
ratio m is given by m -u/^1RT', and R is the universal gas
constant. The velocity distribution functions assumed in ob-
taining Eqs. (1-3) are the same as those of Refs. (6-8).

Problem Formulation
Referring to Fig. 1, a Knudsen layer model provides a link

between measurable macroscopic variables at the Knudsen

Analytic Solutions
Equations (1-3) may be algebraically manipulated to obtain

the following analytical expressions for T/TS9 p/ps, and & as
functions of m, 7, and a

- 7T1/2 mF(y)<p(m ,ex)

)] [2m2 (4)

layer edge and the equilibrium thermodynamic properties of
the saturated vapor at the solid (or liquid) surface. Following
the approach of Anisimov,6 as extended by Knight8 to include
internal degrees of freedom of the subliming/vaporizing mole-
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Fig. 3 Effect of vaporization coefficient a on p/ps and mass flux
ratio for 7 = 9/7.

where

and
F(y) = (7 -
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For a= 1, <f>(m,a) is unity, and Eqs. (4-6) reduce to those of
Knight.8 In the following section, the solution behavior is illus-
trated.

Calculated Results
Equations (4) and (5) may be solved to obtain T/TS and p/ps

for arbitrary values of the vaporization coefficient a and the
ratio of specific heats 7. The independent variable is usually
taken to be the Mach number at the edge of the Knudsen layer
M = (V2/7)m. The pressure ratiop/ps and the mass flux ratio
pu/[ps^/RTs/2ir] are obtained from

m
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The effect of the ratio of specific heats 7 on the temperature
and pressure ratios across the Knudsen layer for a unit value of
the vaporization coefficient a. is shown in Fig. 2. For four
internal degrees of freedom (7 = 9/7), the temperature ratio at
the sonic point, M = 1, is 27% higher than for 7 = 5/3, and the
pressure ratio is about 19% higher. Since temperature ratio
and pressure ratio both increase with increasing 7, the effect of
a larger 7 on the density ratio is much less, i.e., about a 7%
increase for 7 = 9/7 at the sonic point. The mass flux ratio
decreases slightly when internal degrees of freedom are added.
The decrease for 7 = 9/7 in comparison to 7 = 5/3 is about
10% for an edge Mach number of 0.4 and approximately 6%
at the sonic point.

The effect of nonunit values of the vaporization coefficient
(a = 0.6 and 0.2) on the density and mass flux ratios for 7 = 9/7
is shown in Fig. 3. At the sonic point, M= 1, the decrease in
these ratios is very nearly proportional to (1—a), i.e., for
a = 0.2, the decrease is about 78%. The effect of decreasing a
on the pressure ratio is very similar. However, the effect on the
temperature ratio is minimal. Calculated results for 7 = 5/3
and a values ranging from unity down to 0.02 showed excellent
agreement (maximum error about 1 %) with results calculated
from the series expansion solutions of Poyurovskaya.7

Summary
A nonlinear analysis of the nonequilibrium region occurring

at a phase change interface, i.e., a Knudsen layer, has been
carried out, including both the effects of a polyatomic gas and
a rate-controlled vaporization process. Analytic solutions have
been obtained for the temperature, pressure, density, and mass
flux ratios across the layer as a function of Knudsen layer edge
Mach number M, the ratio of specific heats 7, and the vapor-
ization coefficient a. Representative solution behavior has
been shown for arbitrarily chosen 7 and a. For special cases,
the present results are in agreement with prevously published
work.
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Calculation of Merging
Turbulent Wakes
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Introduction

T HE work described here can be regarded as an extension
of that of Cebeci et al.1 and Chang et al.,2 who performed

calculations for wall boundary layers and wakes, respectively,
and assessed the relative merits of eddy-viscosity hypotheses
based on the algebraic formulation of Cebeci and Smith3 and
on the two-equation model of Hanjalic and Launder.4 These
investigations showed that the results obtained by the two
turbulence models were similar and agreed well with experi-
ments.

Flows considered in this Note represent a further step to-
wards the flows of aircraft; on this occasion the merging of
multiple wakes downstream of a high-lift arrangement of
flaps. They involve a series of scales characteristic of the neigh-
boring wakes and jets and present challenge for calculation
methods. As described in the following section, the two-equa-
tion model can be used in the same form as for the earlier
work,4 but the algebraic expression requires modification to
deal with the interactive region between wakes. The results
allow consideration of the advantages of the two approaches,
one with added algebraic complications but cheap and easy to
formulate and use, and the other requiring no change to the
turbulence model but more expensive and less convenient to
use.

102.0 203.0 406.0 610.0

Received Nov. 10, 1989; revision received Feb. 6, 1990. Copyright
© 1990 by the American Institute of Aeronautics and Astronautics,
Inc. All rights reserved.

* Research Associate, Aerospace Engineering Department. Member
AIAA.

-1.10 «.« (.« 1.0)

uv/Ug x 103

Fig. 2 Velocity profiles for overhang of 0.0 mm and gap of 19.0 mm.

Equations
The flow configuration is shown on Fig. 1 together with the

notation of the following equations and results. It corresponds
to the merging of wakes with different origins and has been
examined experimentally by Nakayama et al.5

The boundary-layer form of equations for momentum, tur-
bulence energy, and dissipation rate were solved with Keller's
box scheme6 for specified freestream velocities or boundary
conditions and with the measured streamwise velocity profile
at the trailing edge of the flat plate.The static pressure was
assumed constant, and the initial profile of dissipation rate
was obtained from the relationship in which the production
and dissipation rates are the same. Edge boundary conditions
for kinetic energy and dissipation rate corresponded to re-
duced forms of the conservation equations with zero cross-
stream gradients and known values of external velocity ue.

The algebraic eddy viscosity expression for the wake is that
of Chang et al.2 which, with BI given by (x-xte)/2Qote, is

d)


